Strong gravitational lensing along with the distance sum rule method can constrain both cosmological parameters as well as density profiles of galaxies without assuming any fiducial cosmological model. To constrain galaxy parameters and cosmic curvature, we use a newly compiled database of 161 galactic scale strong lensing systems for distance ratio data. For the luminosity distance in the distance sum rule method, we use databases of supernovae type-Ia (Pantheon) and Gamma Ray Bursts (GRBs). We use a general lens model, namely the Extended Power-Law lens model. We consider three different parametrisations of mass density power-law index (γ) to study the dependence of γ on redshift. We find that parametrisations of γ have a negligible impact on the best fit value of cosmic curvature parameter. Furthermore, measurement of time delay can provide a promising cosmographic probe via the "time delay distance" that includes the ratio of distances between the observer, lens and the source. We use the distance sum rule method with 12 datapoints of time-delay distance data to put constraints on the Cosmic Distance Duality Relation (CDDR) and the cosmic curvature parameter. For this we consider three different parametrisations of distance duality parameter (η). Our results indicate that a flat universe can be accommodated within 95% confidence level for all the parametrisations of η. Further, we find that within 95% confidence level, there is no violation of CDDR if η is assumed to be redshift dependent but CDDR is violated if η is considered redshift independent. Hence, we need a larger sample of strong gravitational lensing systems in order to improve the constraints on the cosmic curvature and distance duality parameter.
Introduction
A fundamental problem in modern cosmology is to determine whether the universe is spatially open, flat or closed. This is because the curvature of the universe plays an important role in its evolution. The most stringent constraint on the cosmological curvature parameter comes from the latest Planck result (2018) under the assumption of the ΛCDM model. The result supports a spatially flat universe with a high confidence level [1] . About a decade ago, Clarkson et al. (2008) proposed a model independent method to measure the cosmological curvature parameter (Ω k ) [2] . But the problem is that it involves derivatives of the distance w.r.t. the redshift which introduces considerable amount of uncertainty in the estimated curvature parameter. Recently, Räsänen et al. proposed a model-independent method called distance sum rule which is based on the assumption of the validity of the FLRW metric [3] . Any violation in the distance sum rule directly hints at violation of the FLRW metric. The distance sum rule could be helpful to put constraints on the curvature parameter if it is found consistent with various observational datasets.
In recent years, Strong Gravitational Lensing (SGL) has become a powerful technique to test various assumptions and relations in cosmology [4] . One can study both cosmological and galaxy parameters using lens systems. Observations of SGL can provide information of a distance ratio d ls A /d os A , where d ls A and d os A are the angular diameter distances between the source-lens and the observer-source respectively. To analyze a SGL system, the Singular Isothermal Sphere (SIS) profile for the lens is the most frequently used density profile. In SIS profile, a total mass-density (ρ T (r)) is directly proportional to r −γ where γ is the total mass density profile parameter and is also referred as power law index. Recently, this profile was used in the distance ratio analysis considering γ as a free parameter [5] . Cao et al. considered the SIS and power law profile for lenses and the cosmological parameters keeping Ω m0 fixed [6] . Study of the power law index (γ) is of great interest as it also helps to understand the structure of a galaxy. Some authors used various observational datasets to study the evolution of γ with redshift [7, 8] . Further, strong gravitational lens systems containing 118 datapoints for distance ratio data were used to put constraints on the total mass profile and luminosity density profile of stars in an elliptical galaxy [9] . Recently, the largest sample of SGL (161 datapoints) was compiled by Chen et al. to study the effect of the lens mass model on the cosmological parameters assuming the ΛCDM model [10] . It is important to note that in all these studies, a flat universe was considered.
On the other hand, the distance sum rule proposed by Räsänen et al. is a modelindependent method to constrain the cosmic curvature [3] . Xia et al. used 118 SGL systems to put constraints on the curvature parameter and the lens profile parameters using the distance sum rule [11] . Further, using the same method the cosmological and lens profile parameters were constrained by Li et al. assuming a uniform prior on Ω k0 (the value of Ω k at present epoch) [12] . According to their analysis, a spatially closed universe is preferred. The distance sum rule with SGL data and radio quasar data were used to constrain the cosmic curvature parameter and lens profile parameters by Qi et al. [13] . Using the latest SGL data (161 datapoints) and SN Ia Pantheon data (1048 datapoints), Wang et al. found that the constraint on Ω k0 is significantly influenced by the choice of the lens profile model [14] .
Following the same line of thought, we also use the distance sum rule for two different purposes. First, to constrain the cosmic curvature parameter and lens density profile parameters using SGL, SN Ia and Gamma Ray Bursts (GRBs) observations. Second, to study the behaviour of the distance duality parameter and cosmic curvature parameter using Time-Delay Distance (TDD) data. In the first part, we studied the extended power law lens profile to constrain the cosmological and galaxy lens parameters using a model-independent approach, namely the distance sum rule. Recently Chen et al. also worked with the extended power law lens profile using SGL observations but they use a model dependent approach (ΛCDM model assumed) [10] . Further, Wang et al. used 161 datapoints and considered all three lens mass density profiles (SIS, power law and extended power law). In their work, they used SN Ia data (upto z = 2.3) including 1048 supernovae to calibrate the distances of the lens galaxy and source galaxy. Therefore, they could not include all the SGL datapoints in their analysis. However, in our analysis, we use SN Ia and GRBs data in order to include all 161 datapoints of the SGL data upto z = 3.6. Additionally, based on the distance sum rule, previous work did not consider the evolution of the total mass density lens profile power index (γ) as a function of redshift in the extended power lens profile. However, it is very important to study the evolution of γ with the redshift because any evolution in γ with z could indicate that in the growth of massive galaxies, dissipative processes have played an important role [15] . Therefore, with all the above mentioned improvements, we modify the constraints on the cosmic curvature and lens profile parameters.
It is known that the sources in SGL systems such as quasars and supernovae produce observable delay in the observed time between multiple images. Therefore, apart from distance ratio analysis, SGL systems can also provide another important quantity called "time delay". Measurement of time delay is highly sensitive to the background cosmology and hence cosmological parameters especially the Hubble-Lemaître constant (H 0 ) can be constrained using time-delay observations [16] [17] [18] . We further extend our work with time-delay measurements. For this, we use doubly imaged sources (12 datapoints) containing the measurement of time-delay between the two images of source. In cosmology, the angular diameter distance d A (z) and the luminosity distance d L (z) are related by the "Cosmic Distance Duality Relation (CDDR)" as d A (z)(1 + z) 2 = d L (z) [19] . This relation is always true under the following conditions: • A. The spacetime is described by a metric theory of gravity; • B. Photons travel along null geodesics; • C. The number of photons is conserved. It is important to test the validity of CDDR with observational datasets. Violation of this relation has been checked in earlier work [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] . Based on the distance sum rule, we put constraints on the cosmic curvature parameter and the distance duality parameter (η). Further, we check the evolution of the distance duality parameter with redshift.
The outline of the paper is as follows: In Section 2, we discuss the distance ratio and time-delay distance in Strong Gravitational Lensing systems. In Section 3, we describe the methodology and the details of datasets used in this paper. The analysis and results are explained in Section 4. Discussion is presented in Section 5. We describe the conclusions in Section 6.
Strong Gravitational Lensing
According to the general theory of relativity, light rays passing near matter get bent due to the presence of gravity. Light from a distant source, passing near a massive galaxy or galaxy cluster (lens), gives rise to multiple images of the source. This phenomenon is known as Strong Gravitational Lensing [32] [33] [34] . The bending of light is directly related to the mass distribution within the lens.
Distance Ratio
The mass distribution of the lensing galaxy is commonly modeled as a Singular Isothermal Sphere (SIS) or a Singular Isothermal Ellipsoid (SIE) [35] . Here we consider a more general and complex model of the lens, namely the Extended Power Law (EPL) model. This model allows us to consider the luminosity density profile to be different from the total mass density profile. Therefore, it gives us the freedom to consider the effect of dark matter on the mass distribution. We use the total mass (luminous and dark-matter) density (ρ(r)) and luminous density (ν(r)) distribution as power laws
where r represents the radial coordinate from the center of the lens galaxy, γ and δ are two free parameters. In addition we also consider an anisotropic three-dimensional dispersion of velocity, which suggests that the radial velocity dispersion (σ r ) and the tangential velocity dispersion (σ θ ) may be different. Therefore, we define an anisotropy parameter, β(r) = 1 − σ 2 θ /σ 2 r . Using Eq. (2.1) and the anisotropy parameter β(r) and applying the spherical Jeans equation, one can define the distance ratio [5] .
From spectroscopic data, σ 0 is an observed velocity dispersion quantity which is related to σ ap via σ 0 = σ ap θ eff / 2θ ap −0.066 [10] . Here θ E and θ ap are the angular radii of the Einstein ring and circular apertures respectively. This extended lens profile reduces to the SIS model for γ = δ = 2 and β = 0. In earlier work, the anisotropy parameter β(r) was always taken to be independent of r [35, 36] . For individual lensing systems one cannot determine β independently. Therefore based on the well-studied sample of nearby elliptical galaxies, we marginalise β(r) using a Gaussian prior with β = 0.18 ± 0.13 [37] . A similar approach was also adopted by Chen et al. and others [10, 14, 17, 38, 39] .
We consider the same Gaussian prior on the β parameter throughout the paper, i.e. β = 0.18 ± 0.13. However, for the remaining parameters we consider a flat prior over the range of interest. Furthermore, in order to include the redshift evolution of the total mass-density, we consider two parametrisation for γ, namely γ I I (z) = γ 0 + γ 1 z and γ I I I (z) = γ 0 + γ 1 z/(1 + z), because it might help to understand the process behind the evolution of the massive galaxies.
Time-Delay Distance
Apart from distance ratio in SGL systems, time-delay is another important observation which can be used to put constraints on cosmological parameters in a model-independent way. The light rays emitted at the same time from a source will reach the observer at different times as these paths have different path lengths and pass through different gravitational potentials. Therefore, there is a time-delay between the multiple images. If the source is a variable light source, this time-delay can be determined by monitoring the images created by the lens which give us the flux information corresponding to the same source event. Time-delay is related to a quantity which can be used to estimate cosmological parameters. This quantity is the "time-delay distance" and gives a relation between the three angular diameter distances, i.e. observer-lens, lens-source and observer-source.
For a given source position (B) and image position (θ), the time-delay (δt) between the perturbed and unperturbed light rays is [34] 
where z l is the lens redshift and ψ is the effective gravitational potential of the lens. In case of a two image lens system, say image i and j, the time-delay between the two images (∆t ij ) (for the SIS model) [40] is
3) can be rewritten as
d ∆t is referred to as the time-delay distance.
Methodology and Data Samples
In this analysis we modified Distance Sum Rule (DSR) method in two different forms in order to accommodate distance ratio and time delay distance. For this, we use four datasets, namely distance ratio and time delay distance in Strong Gravitational Lensing (SGL), Supernovae Ia (SN Ia) and Gamma Ray Bursts (GRBs).
Distance Sum Rule Method
Under the assumption of homogeneity and isotropy of the universe, one can define the dimensionless comoving distance (D co ) as
where d os co , d ol co and d ls co represent the comoving distances between observer-source, observerlens and lens-source respectively. According to the distance sum rule [3, 41] , these three dimensionless distances are related as: 
The value of Ω k0 can thus be directly obtain from Eqs. 3) represent theoretical constructions of the distance ratio and the time delay distance respectively. In order to get the left hand sides of these two equations, we use SGL observations.
SGL Systems
We use two different kinds of SGL observations: distance ratio and time-delay distance.
• Distance ratio in SGL
For the distance ratio, we use a sample of SGL systems [10] , which is a collection of 5 systems from the LSD survey [42] [43] [44] [45] , 26 from SL2S [46] [47] [48] , 57 from the SLACS [49] [50] [51] , 38 from an extension of the SLACS for the Masses survey [52, 53] , 21 from the BELLS [54] and 14 from the BELLS-GALLERY [55, 56] . After combining all the datapoints of these surveys, we get 161 galaxy-scale strong lensing systems [10] . This sample includes information of the lens redshift (z l ), source redshift (z s ), Einstein radius (θ E ), velocity dispersion (σ ap ) measured inside the circular aperture with angular radii θ ap , and the half-light angular radius of the lens galaxy θ eff . The redshift range of the lenses is 0.0624 ≤ z l ≤ 1.004 and the source redshift range is 0.197 ≤ z s ≤ 3.595.
• Time-Delay Distance in SGL
For the time-delay distance, we use 12 double-image SGL systems compiled by Balmes & Corasaniti [57] . Observables in this data are the source redshift (z s ), the lens redshift (z l ), the angular positions of the two images of the source θ i , θ j , and the time-delay (∆t). The lens redshift range of this data is 0.260 ≤ z l ≤ 0.890 and source redshift range is 0.944 ≤ z s ≤ 2.719. In earlier work, the same data has been used to estimate the cosmological parameters of different dark energy models [40, 58, 59] . The SIS mass profile explains the galaxy mass distribution quite well [60] and double image systems are consistent with it. This is the reason why we use only double-image systems in our analysis. This selection criterion for two image formation is necessary but not sufficient to ensure a SIS profile for the lens mass distribution. Furthermore, there may be galaxy models other than SIS which may alter the image separations and deviation of the velocity dispersion. For example, a softened isothermal sphere galaxy model can reduce typical image separations and systematic errors in the velocity dispersion deviation. Therefore, S. Cao et al. introduce a parameter Ξ, which represents the deviation from the SIS model [61] . This parameter can contribute upto 20% in the error of time-delay distance.
It is important to note that in order to put constraints on the cosmic curvature parameter in a model-independent way, we have to calculate the comoving distances apart from distance ratio and time-delay distances in SGL systems. In this analysis, we replace the comoving distance with the luminosity distance using the well-known relation
Type Ia Supernovae
We use the latest sample of type Ia supernova to estimate the luminosity distance. This dataset (Pantheon) is the largest SN Ia sample consisting of the Joint Light-curve Analysis (JLA) and Pan-STARRS1 released the 1048 SNIa spectroscopically in the redshift range 0.01 < z < 2.26 [62] . To determine the observed distance modulus, Scolnic et al. [62] performed the SALT2 [63] light curve fitter
where m B is the rest frame B-band peak magnitude, M B represents absolute B-band magnitude of a fiducial SN Ia with X 1 = 0 and C = 0, X 1 and C represent the time stretch of light curve and supernova colour at maximum brightness respectively. The stretch-luminosity parameter (α) and the colour-luminosity parameter (β) are calibrated to zero for the Pantheon sample, hence the observed distance modulus reduces to µ SN = m B − M B . For a standard cosmological system, the distance modulus can be defined as µ th = 5 log 10 (d L /Mpc) + 25 Thus, we estimate the luminosity distance (d L ) and uncertainty in the luminosity distance (σ d L ) for each SN Ia as
From Eq. (3.4) it is clear that the luminosity distance can be estimated by knowing the absolute magnitude of the supernovae (M B ). It is usually accepted that Type Ia supernovae sample is normally distributed with a mean absolute magnitude of M B = −19.25 [64] . Therefore, we use M B = −19.25 to calculate the luminosity distance and its uncertainty for each supernova.
The supernova data that we use for the luminosity distance is upto z = 2.26. However, the SGL data is up to a redshift z = 3.595. Hence, in order to include all datapoints of SGL data in our analysis, we look for another standard candle which could help us estimate the luminosity distance at higher redshifts.
Gamma-Ray Bursts
Gamma Ray Bursts (GRBs) are highly energetic events that occur in the universe and can be detected at a very high redshift due to their high luminosity. To date, the farthest GRB 090429B [65] observed is at z = 9.4. GRBs are considered an effective tool to study the universe [66] [67] [68] [69] . Several efforts have been made to establish distance measures using some empirical relations of distance-dependent quantities and observables of rest frames [70] . We consider the relation between the isotropic equivalent gamma-ray energy E γ,iso and the observed photon energy of the peak spectral flux E p,i [71, 72] log
E p,i = E p,obs (1 + z) and a and b are, constants. E p,i and E p,obs are the spectral peak energy in the cosmological rest frame of GRBs and in the observer's frame respectively. On the other hand, isotropic equivalent gamma-ray energy E γ,iso can be calculated as
where S bolo is the bolometric gamma-ray flux and p represents the parameter sets, i.e. the background cosmological parameters. From Eq. (3.6), we can calculate the luminosity distance for each GRB. To use GRBs as standard candles, this relation must be consistently calibrated [73] [74] [75] [76] [77] [78] . In this work, we use the latest GRB sample having 162 datapoints upto a redshift 9.4 [79] . However our SGL data is upto a redshift of 3.6. Therefore, we drop the GRBs which are above z = 3.6. Hence we are left with 147 GRBs upto a redshift 3.6.
To summarize, DSR is modified to accommodate SGL observations such as distance ratio and time delay distance (See Eqs. (3.2,3.3) ). As we mentioned earlier, we need luminosity distance corresponding to each SGL observations, so we use SN Ia and GRB datasets for the same purpose. In order to match redshift of SGL observations and luminosity distance, we fit a second order polynomial 1 in a model-independent way on the SN Ia and GRB data. For the fitting we use all the datapoints of the SN Ia data 2 and only 147 GRBs out of 162 (upto a redshift of 3.6). The second order polynomial we use is
where d 1 and d 2 are two free parameters and are fitted using a Python based module lmfit 3 . We find d 1 = 4227.53 ± 16.15 Mpc, d 2 = 1996.29 ± 49.05 Mpc and cov(d 1 , d 2 ) = −0.725. Figure 1 shows the fitting curve with the 1σ and 2σ regions along with a theoretical construction of luminosity distance based on the ΛCDM model. 
Results
The cosmological parameters and the lens profile model parameters are determined by maximising the likelihood L ∼ exp −χ 2 /2 , where chi-square (χ 2 ) is
Here p C and p L represent the cosmological parameters and the lens profile parameters respectively. D th and D obs are the theoretical and observed quantities of interest, i.e. the distance ratio and time-delay distance. Here n stands for total number of datapoints used in the analysis. For distance ratio n = 161 and for time-delay distance, n = 12.
The two factors which contribute to the uncertainty of D, i.e. (σ D ) are the uncertainty in the observables of the SGL systems (σ SGL ) and uncertainty in the luminosity distance (σ SC )(subscript"SC" stands for standard candles). We assume that the two uncertainties, i.e. uncertainty of the SGL systems and uncertainty in the luminosity distance are uncorrelated and therefore they add in quadrature;
It is important to note that, for the validity of Eq. 
Distance Ratio: Constraint on Lens and Cosmological Parameters
Extended Power Law profile is described by two power law indices-power index of total mass density of a lens (γ ) and the power index of the luminous density (δ). In this analysis, we discuss three different parametrisations of γ while δ is considered as a free parameter. The luminous density profile of lens is different from the profile of total mass-density (γ = δ).
Using Eqs. (3.1, 3.2), we can rewrite a theoretical distance ratio as
The uncertainty in the theoretical distance ratio i.e. σ d th R can be calculated using the error propagation in Eq. (4.2). On the other hand, the observed distance ratio (d obs R ) is defined in Eq. (2.2) and the corresponding uncertainty is calculated as
We assume that these two uncertainties, i.e. . However, no error is assumed in θ ap .
P1: γ I = γ 0
In the first parametrisation, we consider γ as an arbitrary constant (γ 0 ). The best fit values of Ω k0 and lens profile parameters are shown in Table 1 . The best fit value of Ω k0 = −0.007 +0.117 −0.021 . This suggests that a spatially flat universe is preferred at 68% confidence level. The values of total mass-density and luminous density lens profile are not equal, i.e. γ 0 = δ = 2, which indicates that the effect of dark matter is not negligible in early type galaxies. We show 1D and 2D posterior distributions of Ω k0 , γ 0 and δ in figure 2 From figure 2 , one can clearly see that Ω k0 and γ 0 are negatively correlated.
P2: γ I I (z) = γ 0 + γ 1 z l
In the second parametrisation, we consider γ as a function of the redshift. The best fit values of Ω k0 and lens profile parameters are given in The best fit value of Ω k0 is −0.004 +0.184 −0.118 , which suggests that a spatially flat universe is preferred at 68% confidence level. The estimated values of total mass density and luminous density profile of the lens are different. Further the results show a mild evolution of the total mass-density power index with redshift. The 1D and 2D posterior distributions of Ω k0 , γ 0 , γ 1 and δ are shown in figure 3 . The lens density profile parameters, i.e. γ 0 and γ 1 show negative correlation as shown in figure 3 .
P3: γ I I I (z) = γ 0 + γ 1 z l 1 + z l In the third parametrisation, we consider γ as a function of redshift which converges to γ 0 at high redshift. The best fit values of Ω k0 and lens profile parameters are given in Table 3 
Time-Delay Distance: Constraint on Distance Duality and Cosmological Parameters
An important relation in cosmology is the cosmic distance duality relation. This is a relation between the luminosity distance and angular diameter distance. It is parametrised by the distance duality parameter η(z).
Using Eqs. (3.1,3. 3) and (4.4), we can rewrite the time-delay distance
Here d th ∆t represents the theoretical time delay distance and corresponding observable quantity can be obtain by measuring the image separation between the two images as given in Eq. (2.4). In the above expression, η l = η(z l ) and η s = η(z s ). The uncertainty in the theoretical time delay distance can be calculated using the error propagation in Eq. (4.5). However, the observed time delay distance (d obs ∆t ) is defined in Eq. (2.4) and corresponding to this, uncertainty is calculated as
where σ θ i ,σ θ j and σ ∆t represent the uncertainty in the angular position of double images of the source and in the time delay respectively. For our analysis, we take Ξ = 0.2 as suggested by Cao et al. [61] . We add these two uncertainties in quadrature because we assume these uncertainties are uncorrelated σ d ∆t = σ d th
In this work, we choose three different parametrisations of the distance duality parameter (η).
i) η I = η 0
For a redshift independent distance duality parameter (η 0 ), the results with best fit values of each parameter are displayed in Table 4 . Table 4 : Best fit value of Ω k0 and η 0 at 68% confidence level obtain from TDD data for η I = η 0 .
The best-fit value of curvature parameter is Ω k0 = 0.596 +0.287 −0.404 which indicates an open universe but within a 95% confidence level a flat universe can be accommodated. Interestingly, for an arbitrary constant value of η, we obtain η 0 = 0.828 +0.055 −0.045 which indicates a figure 5 . It can be observed that the Ω k0 and η 0 are negatively correlated. Since the constraint on Ω k0 is quite weak therefore we conclude that this dataset is not sufficient to put a strong constraint on the curvature parameter.
ii) η I I (z) = 1 + η 1 z
In this case, we consider a Taylor series expansion of the distance duality parameter to first order. The constraint on the curvature parameter and η 1 are tabulated in Table 5 . The value of Ω k0 = 0.050 +0.077 −0.037 which is consistent with a flat universe at 68% confidence level. We find no violation in the distance duality relation with η 1 ∼ 0 within 68% confidence level. We show the 1D and 2D posterior distributions of Ω k0 and η 1 in figure 6 . iii) η I I I (z) = 1 + η 1 z 1 + z Finally, we consider redshift evolution of the distance duality parameter which converges to 1 at high redshifts. The constraint on the cosmic curvature parameter and η 1 are tabulated in Table 6 
best fit values of Ω k0 and η 1 with 68% confidence level.
In the third parametrisation, i.e. η I I I (z), the obtain value of Ω k0 supports a flat universe while the distance duality parameter value shows violation within 68% confidence level. The 1D and 2D posterior distributions of Ω k0 and η 1 are shown in figure 7 . 
The non-zero value of η 1 indicates a redshift evolution of the distance duality parameter.
Discussion and Conclusions
The Distance Sum Rule (DSR) along with the strong gravitational lens system is a powerful astrophysical tool to probe the curvature of the universe and galaxy parameters without assuming any fiducial cosmological model. We use DSR in two different ways. In the first part, we apply DSR method with distance ratio introduced by Räsänen et al. to measure the cosmic curvature parameter along with the galaxy parameters in a model independent way [3] . In the second part, we again apply the DSR method to study the Cosmic Distance Duality Relation (CDDR) using time-delay distances data. We separately discuss the results of both the approaches.
Method I: Distance Ratio
In earlier studies, the distance ratio obtain from SGL was used in a model-dependent way to constrain different cosmological and lens parameters [8] [9] [10] . However, in the distance sum rule, the distance ratio is used in a model-independent way to constrain the cosmic curvature parameter along with lens galaxy parameters [11] [12] [13] [14] . Following the same methodology, we use the latest SGL sample containing 161 datapoints for the distance ratio part. To include the full datatset of SGL systems in our analysis, we reconstruct the distance-redshift relation by including the SN Ia and GRBs data and fit a second order polynomial to obtain the luminosity distance at the lens and source redshift of the SGL systems. Further to explore the nature of the lens (galaxy) profile, we consider the Extended Power Law lens model which allows us to use different profiles of the total mass density and luminous mass density of the lens. For this lens profile, we extend our work by considering the evolution of total mass density power index with redshift, something we believe has not been done in the EPL model. Our main conclusions are listed below-• For the completeness of the work, we use DSR along with distance ratio data with the Singular Isothermal Sphere (SIS) and the Power Law Spherical (PLS) lens profiles. For the SIS profile, we obtain Ω k0 = 0.680 +0.144 −0.136 and f e = 1.034 +0.006 −0.006 . Our constraint on Ω k0 is incompatible with the Planck result. Recently, Wang et al. found the constraint on Ω k0 = 0.39 +0. 22 −0.30 and f e = 1.0195 ± 0.0090 for the SIS profile with a full dataset of distance ratio systems [14] . Our results are in concordance with the results of Wang et al. [14] . For the PLS lens profile, we find the constraint on the cosmic curvature parameter Ω k0 = −0.052 +0.054 −0.050 which is consistent with a flat universe at 68% confidence level. The best fit values of lens parameters, γ 0 and γ 1 , are 2.107 +0.018 −0.020 and −0.371 +0.088 −0.062 respectively, which are again consistent with the results of Wang et al. [14] along with many other authors [6, 9, 13] . Our results indicate that with cosmic time, the total density profile of early-type galaxies can evolve.
• Extended Power Law (EPL) lens model along with DSR method involves three parameters: cosmic curvature parameter and two lens parameters, γ (power index of total mass-density lens profile) and δ (power index of luminous density lens profile). We consider three different parametrisations of γ. In the first parametrisation, γ I (z) = γ 0 = constant while in other two, γ varies as a function of redshift. For the first parametrisation, we find that the best fit value of cosmic curvature parameter which indicate closed universe and also support a spatially flat universe at 68% confidence level. The best fit values of γ 0 and δ are 2.139 and 2.265 respectively indicating that the mass distribution of dark matter is different from the mass distribution of luminous matter. Earlier studies also indicated a difference in the mass distribution of dark matter and luminous matter [12] [13] [14] . Hence such analysis could be helpful in understanding the nature of baryonic and dark matter at large scales.
• We also consider the possibility that the power index of the total mass density varies with redshift. We assume the evolution of γ with redshift in two different forms: γ I I (z l ) = γ 0 + γ 1 z l , and γ I I I (z l ) = γ 0 + γ 1 z l /(1 + z l ). Both parametrisations of γ indicate that there is a marginal evolution of γ with redshift. For early galaxies, γ(z) and δ are not identical. This might indicate that the distribution of dark matter and baryonic matter is not the same. In both the parametrisations of γ, the best fit values of Ω k0 indicate a closed universe but a spatially flat universe is also accommodated at 68% confidence level. Also for both γ I I and γ I I I , the posterior distribution contours of cosmic curvature and lens parameters are very similar, suggesting that limits on curvature parameter are not significantly affected by the choice of parametrisation of γ.
• The 1D and 2D posterior contour plots in curvature and lens profile parameter space indicate a strong correlation between them. Further, we find that the parameters of the lens profile are correlated among themselves.
Method II: Time-Delay Distance
In the second part of our analysis, we test the validity of the Cosmic Distance Duality Relation (CDDR) based on the DSR method, as the validation of CDDR is important in modern cosmology. Any strong evidence of the violation of this relation could hint at the emergence of new physics. In the past, CDDR had already been validated [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] . In the earlier work, DSR had been used with distance ratio however, we believe this is the first time, the DSR method has been modified to accommodate time-delay distance data in order to check the validity of CDDR. In this work, we use this method to put bounds on the cosmic curvature along with CDDR considering 12 datapoints of the time-delay distance data. Using this dataset, we put constraints on Ω k0 and the distance duality parameter. We also consider redshift evolution of the distance duality parameter. A brief summary of the results is as follows
• We consider three parametrisations of η. In the first parametrisation, we take η to be independent of redshift (η I = η 0 ), while in the other two, we consider η as evolving with redshift in two different ways: η I I (z) = 1 + η 1 z and η I I I (z) = 1 + η 1 z/(1 + z).
For the first parametrisation, we obtain Ω k0 = 0.596 +0.287 −0.404 which suggests that a spatially flat universe is preferred at 95% confidence level. The value of η comes out to be 0.828 +0.055 −0.045 , indicating a violation in CDDR at 68% confidence level. In the second parametrisation, the obtain value of Ω k0 supports a flat universe at 68% confidence level while the value of distance duality parameter shows no violation 68% confidence level. Further in the third parametrisation, again the obtain value of Ω k0 is consistent with a flat universe within 68% confidence level however the distance duality parameter shows a violation at 68% confidence level. Various parametrisations have been used in earlier studies and have found no violation in the CDDR at 68% confidence level [25, 29, 31] . However, our analysis differs in the way that we use the DSR method to study Ω k0 and η, which has never been done before.
To study the expansion history of the universe at high redshifts, Gamma-Ray Bursts (GRBs) as standard candles are used beyond the existing reach of SN Ia observations. Nevertheless, the large dispersion in E p,i − E iso correlation limits the precision of distance determination with GRBs. Due to this reason, the use of GRBs as standard candles is highly controversial. Hence, in order to put strong constraints on cosmological parameters, we should look for more accurate luminosity relationships and investigate the classification problem of GRBs.
Our analysis indicates the constraint on the cosmic curvature parameter is strongly depends on the choice of the lens model of a galaxy. In the distance ratio method (with EPL lens model), best fit value of cosmic curvature parameter indicate a spatially closed universe and for time delay distance method (with SIS lens model), a spatially open universe is preferred. But a spatially flat universe is accommodated at 95% confidence level for both methods. We expect that the ongoing and future surveys will provide more data on SGL systems which will further help improve the constraints on the cosmological parameters as well as lens profile parameters.
Recently, based on the Broken Power Law (BPL) density profile, Du et al. have developed an analytic model for the lensing mass of galaxies [81] . In their analysis, they claim that their model's high efficiency and accuracy is a promising method for analyzing galaxy properties with strong lensing. Therefore, by studying BPL density profile of lens galaxy with observations, one may put a better constraint on cosmic curvature parameter.
